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Exercise. Let G be a group and let H C G be a proper subgroup containing all other proper
subgroup of G. Show the following:

(a) H is normal.

H is normal if ghg™t € H for all g € G and h € H
If ¢ is contained in some proper subgroup of G, then ¢! is also contained in that proper
subgroup.

= g,gteH

= Vh € H, ghg~' € H since H is closed under multiplication

Suppose ¢ is not contained in any proper subgroup of G.
For any g € G, (g) C G is a subgroup of G.
Since g is not contained in any proper subgroup of G, it follows that G = (g).
—> ( is the cyclic group generated by g
Since G is cyclic, G is abelian
— Vge Gand h e H C G,

ghg ' =g 'h=he H

Thus, H is a normal subgroup of G

(b) G is a cyclic group.

(see part a)

(c) G is a finite group.

Suppose G is infinite.
If G = (g) is infinite, they (g*) create distinct subgroups for all k¥ € N.
= (¢®) and (g?) are distinct proper subgroups of G' = (g).
— gPe(¢) CHand g’ € (¢®) CH
— g ?¢P?=g€H.
But then H = (g) = G which is contradiction since H is a proper subgroup.
Thus, we conclude that G must be finite.




